Abstract. Let E be a linear space and suppose that A is the global attractor of either (i) a homeomorphism F : E → E or (ii) a semigroup S(·) on E that is injective on A. In both cases A has trivial shape, and the dynamics on A can be described by a homeomorphism F : A → A (in the second case we set F = S(t) for some t > 0). If the topological dimension of A is finite we show that for any ǫ > 0 there is an embedding e : A → R k , with k ∼ dim(A), and a (dynamical) homeomorphism f : R k → R k such that F is conjugate to f on A (i.e. F | A = e −1 • f • e) and f has an attractor A f with e(A) ⊂ A f ⊂ N (e(A), ǫ). In other words, we show that the dynamics on A is essentially finite-dimensional.
One of the most striking results in this theory is that in many interesting examples the long-time dynamics can be captured by a finite-dimensional subset of the ambient (infinite-dimensional) phase space, the 'global attractor'.
However, this statement says nothing a priori about the dynamics restricted to the attractor, and it is natural to ask in what sense (if any) these dynamics are themselves finite-dimensional. This question was first posed in this generality by Eden et al. (1994) , and subsequently discussed by Robinson (1999) and Romanov (2000) . Ideally one would construct a finite-dimensional ordinary differential equation whose dynamics reproduces those on the attractor. This is certainly possible if the original system possesses an inertial manifold (Foias et al., 1988) , but the existence of such an object requires restrictive conditions (a 'spectral gap condition' on the linear part of the equation) that prevent the theory being applicable to many important examples, such as the two-dimensional Navier-Stokes equations.
However, the construction of such an ODE seems very difficult, essentially because it would require a bi-Lipschitz embedding of the attractor into a Euclidean space (this can be slightly weakened to allow logarithmic corrections, see Pinto de Moura et al., 2011 ). An intrinsic characterisation of sets that admit such an embedding is a major open problem in the theory of metric spaces (see Heinonen, 2003 , for example), and there are examples due to Eden et al. (2011) that show that such an embedding (even with a logarithmic correction) is in general not possible for the attractors of infinite-dimensional dynamical systems.
Thus in this paper we aim to reproduce not the continuous dynamics on the attractor, but the discrete dynamics that come from considering the time T map of the flow, for some fixed T > 0. Perhaps a little more elegantly, we also consider the discrete problem from the outset, where the attractor arises from the iteration of some given homoeomorphism.
At the heart of our construction is a classical theorem due to Menger (1926) and Nöbeling (1931) (see also Hurewicz & Wallman, 1941; Robinson, 2011) , which guarantees that any finite-dimensional compact metric space can be embedded into a finite-dimensional Euclidean space of comparable dimension. The following theorem states this more precisely. Theorem 1.1 (Menger-Nöbeling) . Let (X, d) be a compact metric space of dimension ≤ d. Then the set of all homeomorphisms of X onto a subset of R 2d+1 is dense in C 0 (X, R 2d+1 ). [In fact the homeomorphisms form a dense
We use this theorem to make a homeomorphic copy X of our original finitedimensional attractor, along with its dynamics, into some R k . The main task is to find a way to extend the embedded dynamics from X onto the whole of R k , and to make the set X an attractor (or as nearly as possible) for the resulting dynamics.
In Section 2 we show that cellularity characterises the global attractors of homemorphisms in Euclidean spaces, based in part on previous work of Garay (1991) . In Section 3 we show that global attractors of homeomorphisms, and of continuous time semigroups, have trivial shape, a property that is topologically invariant. We recall in Section 4 the cellularity criterion of McMillan (1964) , which allows us to boost a set with trivial shape to one that is cellular by adding an extra dimension to the ambient space. In Section 5 we prove a theorem that provides a controlled extension of a homeomorphism from a compact subset of R k to a map on R 2k , based on a trick of Klee (1955) . Finally we combine these techniques in Section 6 to show that discrete dynamics on finite-dimensional attractors are no more complicated than the dynamics on attractors of homeomorphisms in finite-dimensional spaces.
2. Attractors and cellularity 2.1. Attractors in linear spaces. Suppose that E is a linear space, and F : E → E is a continuous map. Then A is a global attractor for F if
(1) A is compact; (2) F (A) = A; and (3) A attracts bounded sets, i.e. for every bounded subset B of E,
where dist(A, B) = sup a∈A inf b∈B a − b . Note that if it exists the global attractor is unique and is the minimal closed set that attracts bounded sets (both follow from the fact that if Z attracts bounded sets then dist(A, Z) = dist(F n (A), Z) → 0 as n → ∞). Condition (3) is equivalent to requiring that for any bounded set B of E and every ǫ > 0 there exists n 0 such that F n (B) ⊂ N (X, ǫ) whenever n ≥ n 0 . Here N (X, ǫ) denotes the set {x ∈ E : dist(x, A) < ǫ}. In particular, this implies that for any bounded set B containing A, the equality A = n F n (B) holds. The existence of a global attractor is equivalent to the existence of a compact attracting set K (cf. the corresponding results for semiflows given by Crauel, 2001 ).
Theorem 2.1. The map F has a global attractor A if and only if it has a compact attracting set K, and in this case
Proof. It is relatively straightforward to show that given the existence of a compact attracting set, for any set B the set
is a subset of K that is compact, invariant, and attracts B (see Hale, 1988 , or Theorem 11.3 in Robinson, 2011 . We now show that ω(K) is the global attractor. Consider
Since ω(B) ⊂ K for every B, this is a closed subset of K, and so compact. It is clearly invariant since every ω(B) is invariant, and it attracts every bounded set, so it must be the global attractor since this is unique. It is immediate from (4) that ω(K) ⊆ A. Since A is the minimal closed set that attracts bounded sets, A ⊆ K and hence A = ω(A) ⊂ ω(K). Finally, to show that (1) holds, note that ω(K) ⊆ K and then, since ω(K) is invariant, it follows from (2) that
and
which yields (1).
We now show that any global attractor of a homeomorphism must be strongly cellular. Recall that a set X is cellular in E if
where the C j are a decreasing sequence (C j+1 ⊂ int(C j )) of cells, i.e. sets homeomorphic to the closed unit ball in E ('topological balls'). X is strongly cellular if for any open set U containing X there is an j such that C j ⊂ U . Cellularity and strong cellularity are equivalent in finite-dimensional spaces because of their local compactness [see Garay (1991) and McCoy (1973) ].
Lemma 2.2. If A is the global attractor of a homeomorphism F : E → E, where E is a linear space, then A is strongly cellular.
Proof. Choose R sufficiently large that A ⊂ B(0, R). Since A is the global attractor, there exists an n such that
It follows that C j = F nj (B(0, R) ) is a decreasing sequence of bounded sets all of which are cells because F nj is a homeomorphism for each j. Clearly
because A is invariant. Since A is the global attractor of F , given any open U ⊃ A there exists j such that C j ⊆ U . This readily implies that
so A is strongly cellular.
Attractors in Euclidean spaces.
We now want to show that any cellular subset of R n can be the global attractor of some homeomorphism on R n . We start by showing that any cellular set X in R n is 'pointlike', i.e. R n \ X ≃ R n \ {0}.
Lemma 2.3 (Brown, 1960) . If X ⊂ R n is cellular then there exists a continuous map g : R n → R n such that g(X) = {0}, and g| R n \X : R n \ X → R n \ {0} is a homeomorphism. Moreover, if X ⊂ B(0, R), then g can be chosen to be the identity outside B(0, R).
where each Q j is a cell, Q j+1 ⊂ int(Q j ). Perhaps discarding the first few Q j we can assume that Q 1 is a proper subset of Q := B(0, R).
Let g 1 : Q → Q be a homeomorphism such that g 1 |∂Q = Id and g 1 (Q 1 ) ⊂ B(0, R /2). To see that such a homeomorphism exists, first note that there exists 0 < r < R such that Q 1 is contained in B(0, r). Consider a strictly increasing continuous map a : [0, R] → [0, R] such that a(R) = R, a is the identity near 0 and a(r) = R /2. Then the map g 1 : Q → Q given by
is a homeomorphism (the fact that a is the identity near 0 guarantees that h is continuous) such that g 1 (B(0, r)), and hence also g 1 (Q 1 ), is contained in B(0, R /2). Now, given g j−1 , let g j : Q → Q be a homeomorphism such that
(That such a homeomorphism exists follows from a similar argument to that given above.) Set
then g : Q → Q is continuous and has g| ∂Q = Id and g(X) = {0} by construction. To see that g is a homeomorphism of Q \ X onto Q \ {0}, suppose that x, y ∈ Q with x / ∈ X, and hence x / ∈ Q j for some j. Then either (i) y ∈ X; then g(y) = 0 and g(x) = 0 since g j is a homeomorphism and therefore
Now simply extend g to R n by letting g be the identity on R n \ Q.
Using this we can show that any cellular X ⊂ R n is the attractor of some homeomorphism. (In fact one can use almost exactly the same proof to define an abstract flow on R n that has X as an attractor.)
Theorem 2.4 (After Garay, 1991) . If X is a cellular subset of R n then there exists a homeomorphism h : R n → R n such that h(x) = x for all x ∈ X and X is the global attractor for the dynamical system generated by h. Moreover, if X ⊂ B(0, R), there exists a constant ρ > 0 such that h(B(0, r)) ⊂ B(0, r − ρ) for every r ≥ R.
Proof. After rescaling, we may assume without loss of generality that R > 1. Choose R > R ′ > 1 such that X ⊂ B(0, R ′ ) and let g : R n → R n be the map given by Lemma 2.3, with the property that g is the identity outside the ball B(0, R ′ ). Consider the annuli
, and so g −1 : R n \{0} → R n \X is uniformly continuous on each R k ; in particular there exists a b k such that if x, y ∈ R k with x = rξ and y = sξ, where |ξ| = 1, then
and let β : [0, ∞) → [0, ∞) be the piecewise linear function with β(0) = 0, β(2 −k ) = b k for each k ∈ N, and β(r) = b 0 for r ≥ 1. Now set α(r) = r − β(r) and note that (i) α(0) = 0, α(r) → ∞ as r → ∞, and α :
and for x ∈ X set h(x) = x. Clearly X is the attractor of this homeomorphism, since
This mapping satisfies the requirements of the theorem; the only possible issue is continuity at each x ∈ X. First observe the following: if y ∈ g −1 (R k ) then y = g −1 (rξ) with 2 −(k+1) ≤ r ≤ 2 −k and |ξ| = 1, so (5) and the definition of β(·). Now fix x ∈ X and ǫ > 0. Choose N > 0 such that 2 −N < ǫ/2 and 0 < δ < ǫ/2 so small that
which shows that h is continuous. Finally, pick x ∈ R n with |x| = r > R. Then g(x) = x because g is the identity outside B(0, R), and β(|x|) = b 0 because R was assumed to be bigger than 1. Thus
Consequently h transforms the sphere of radius r into the sphere of radius r − b 0 , and therefore h(B(0, r)) ⊂ B(0, r − b 0 ).
Note that the results of Lemma 2.2 and Theorem 2.4 show that cellularity is the characteristic feature of attractors of homeomorphisms in Euclidean spaces.
Global attractors have trivial shape
Given a finite-dimensional attractor A of a homeomorphism on some linear space E, our aim is to construct a homeomorphism on some R n that has a homeomorphic copy A of A as an attractor. We have shown that to be an attractor in R n the set A must be cellular, but cellularity is not a topological property, i.e a priori there is no way to guarantee that A is cellular, even though A is.
In order to circumvent this problem we introduce some more refined topological ideas from the theory of shape due to Borsuk (1975) . Here we follow Garay (1991) and relate trivial shape to contractibility properties (the equivalence of Borsuk's original definition with that given here follows from Borsuk (1967) and Hyman (1969) ). As a simple but useful example, we note that any ball B in a linear space is contractible, since there is an obvious contraction onto its centre. Namely, if
provides a contraction of B in itself.
The following is an extremely trivial proposition, but nevertheless we include it here for comparison purposes with Proposition 3.4 below.
′ is a homeomorphism and A is contractible, then so is A ′ . That is, "being contractible" is a topological property.
Now we introduce the property we are interested in, which is weaker than being contractible.
Definition 3.2. Let X be a compact subset of a linear space E. We say that X has trivial shape if for every neighbourhood U of X in E, X is contractible in U .
Observe that we do not require the existence of a contraction of X in itself, but that there exist contractions of X that take place in arbitrarily small neighbourhoods of X in E. We now show that cellular sets have trivial shape. Lemma 3.2. If E is a linear space and X ⊂ E is strongly cellular, then X has trivial shape.
Proof. Since X is strongly cellular, given any neighbourhood U of X we can find a cell C such that X ⊂ C ⊂ U . Any ball is contractible, therefore (Proposition 3.1) any cell is contractible. Therefore (Remark 3.1) any subset of a cell is contractible within that cell. Thus X is contractible within C, and so within U . It follows that X has trivial shape.
The following corollary, an immediate consequence of this result and Lemma 2.2, gives one indication why this definition is potentially interesting.
Corollary 3.3. If E is a linear space and A is the global attractor of a homeomorphism F : E → E, then A has trivial shape.
However, unlike cellularity, having trivial shape is a topological property.
Proposition 3.4. Let h : X −→ X ′ be a homeomorphism between two compact sets X and X ′ contained in linear spaces E and E ′ . Then X has trivial shape if, and only if, X ′ has trivial shape.
Proof. Let h : E −→ E ′ be a continuous extension of h (this exists by Tietze's theorem). We assume that X has trivial shape.
Let U ′ be a neighbourhood of X ′ in E ′ and consider U := h −1 U ′ , which is a neighbourhood of X in E. Since X has trivial shape, it is contractible in U ; let
One may wonder whether global attractors are actually contractible. The answer is, in general, negative. A quick way to prove this is to observe that a contractible set must be path connected, and then construct examples where global attractors exist which are not path connected. This can be done even in the plane.
The following result shows that attractors with trivial shape also arise in more general situations. A semiflow S(·) : E → E is a family of maps {S(t) : t ≥ 0} such that S(0) is the identity map and S(t + s) = S(t)S(s) for all t, s ≥ 0.
Proposition 3.5. If A is the global attractor of a semiflow S(·) on a linear space E then A has trivial shape.
The result appears in Garay (1991) , but our proof is much simpler. Note that this result is not a simple consequence of applying Corollary 3.3 to the map S(T ) for some fixed T > 0, since there is no reason why S(T ) should be a homeomorphism.
Proof. Let U be a neighbourhood of A. We need to show that A is contractible in U ; that is, there exist a continuous map F : A × [0, 1] −→ U and a point * ∈ U such that F (p, 0) = p and F (p, 1) = * for every p ∈ A.
Choose any q ∈ A and let G : A×[0, 1] −→ E be defined as G(p) := q +(1−t)(p− q). Clearly G is a continuous map such that G(p, 0) = p and G(p, 1) = q for every p ∈ A. Since A × [0, 1] is compact and G is continuous, its image C := G(A × [0, 1]) is compact. Thus there exists T > 0 such that S(t)(C) ⊆ U for every t ≥ T , because A attracts compact subsets of E.
Let H : A × [0, 1] −→ U be the composition H := S(T ) • G (notice that the range of H is now U ). Denote * := S(T )(q) ∈ A ⊆ U . H is clearly continuous; it also satisfies H(p, 0) = S(T )(p) and H(p, 1) = * for every p ∈ A. Thus it is almost a contraction of A in U , the only issue being the fact that H(p, 0) = S(T )(p) rather than H(p, 0) = p. However, this is easy to fix, as follows. Let F : A × [0, 1] −→ U be defined as
It is straightforward to check that F is continuous and satisfies the required properties F (p, 0) = p and F (p, 1) = * for every p ∈ A.
We note that in many interesting examples one can show that, at least on the attractor, the semigroup is injective. In this case, it follows that for any time t > 0, the time-t map S(t) is a homeomorphism. What follows is therefore applicable to both the global attractors of homeomorphisms, and to the time t map on any global attractor of a semigroup.
Trivial shape and cellularity in Euclidean spaces
Now suppose that we begin with a set A that is the attractor of a homeomorphism (or a semiflow) on a linear space. We therefore know from Corollary 3.3 that A has trivial shape. If A is finite-dimensional, then we can use Theorem 1.1 to find an embedding e : A → R n for some n. Since trivial shape is a topological property (Proposition 3.4), it follows that e(A) ⊂ R n has trivial shape. However, in order to make e(A) the attractor of a homeomorphism on R n it must be cellular. We can obtain a cellular set by appealing to the following result due essentially to McMillan (1964) , but given in precisely the form we require in Daverman (1986, III.18, Corollary 5A) . This gives cellularity of X 0 × {0} in R n+1 whenever X 0 has trivial shape. McMillan-Daverman) . If X 0 is a compact subset of R n that has trivial shape then then X 0 × {0} ⊂ R n+1 is cellular.
Corollary 4.2. Let A be the global attractor of a homeomorphism or a semiflow on a linear space E, and assume dim(A) ≤ k. Then there exists a homeomorphism e : A → X ⊂ R 2k+2 such that X is cellular in R 2k+2 .
Proof. By Theorem 1.1 there exists a homeomorphism e : A → X 0 ⊂ R 2k+1 . By identifying R 2k+1 with R 2k+1 ×{0} ⊂ R 2k+2 we may think of e as a homeomorphism onto the subset X := X 0 × {0} ⊂ R 2k+2 . Proposition 3.3 or Proposition 3.5 guarantee that the set A has trivial shape, and the same is true of X 0 by Proposition 3.4. Then Theorem 4.1 implies that X is cellular in R 2k+2 .
Extension of homeomorphisms from compact subsets of R n
With the above results we can guarantee that the attractor A ⊂ E has trivial shape and find a homeomorphism e : A → X ⊂ R 2k+2 such that X is cellular. Note that the dynamics on A is reproduced on X by means of the homeomorphism f = e • F • e −1 (the dynamics on A and X are conjugated by e). We now need to extend the homeomorphism f : X → X to a homeomorphism on the whole of R 2k+2 . Since we have the freedom to increase the dimension of the ambient space (we have done this once already), we can use the elegant trick to due to Klee (1955, statement (3. 3)), as outlined in Proposition 5.3, below.
We make use of the following elementary results on extension of continuous functions, where B(0, R) denotes the open ball of radius R.
Lemma 5.1. Let X ⊂ B(0, R) ⊂ R n be a compact set and f : X → X be a continuous function. Then there exists an extension ϕ : R n → R n of f such that ϕ is the identity outside B(0, R).
Proof. Let D denote the boundary of B(0, R) and extend f to X ∪ D by letting it be the identity on D. Considering this as a map from X ∪ D into R n , the Tietze extension theorem can be used to obtain a continuous ϕ : B(0, R) −→ R n such that ϕ| X = f and ϕ| D = id. It only remains to set ϕ(x) := x for x ∈ B(0, R).
The second simple lemma will be crucial in obtaining a controlled extension in the subsequent theorem.
Lemma 5.2. Let X ⊂ B(0, R) ⊂ R n be a compact set. There exists a homeomorphism c : R n −→ R n such that c| X = id X and c(B(0, r)) ⊆ B(0, r /2) for every r ≥ 2R.
Proof. Choose R * < R be so close to R that X ⊆ B(0, R * ). Let θ : [0, +∞) −→ [0, +∞) be the (unique) continuous map that is linear on each of the intervals [0, R * ], [R * , 2R] and [2R, +∞) and such that (i) θ(r) = r for 0 ≤ r ≤ R * , (ii) θ(r) = r /2 for r ≥ 2R. Notice that θ is strictly increasing and surjective, hence a homeomorphism.
Define c :
Clearly c is continuous except at, possibly, p = 0. However for p ∈ B(0, R * ) we have c(p) = p, so c is continuous at p = 0 too. This also shows that c| X = id X . It is easy to check that c −1 is given by
which is continuous for the same reason as above, so c is a homeomorphism. It only remains to show that c(B(0, r)) ⊆ B(0, r /2) for every r ≥ 2R. Thus, let r ≥ 2R and pick p ∈ B(0, r).
n be a compact set and f : X → X a homeomorphism. Then there exists a homeomorphismf :
where 0 n is the origin in R n , and such that
for any r ≥ R.
Proof. We use Lemma 5.1 to extend the continuous map f : X → R n to a continuous map ϕ : R n → R n which is the identity outside B(0, R), and again to extend the continuous map f −1 : X → R n to another continuous map ψ : R n → R n which is the identity outside B(0, R).
Let f 1 , f 2 : R 2n → R 2n be the homeomorphisms defined by
where x, y ∈ R n . One can check that these are homeomorphisms since their inverses are given explicitly by
and f
−1
2 (x, y) = (y, 1 /2(x − ψ(y))).
This is a homeomorphism of R 2n (since it is the composition of homeomorphisms). Notice that for every x ∈ X f 1 (x, 0) = (x, ϕ(x)) = (x, f (x)) and
The argument to this point provides a homeomorphism that extends f . We now combine this with the homeomorphism of Lemma 5.2 to obtain the controlled extension we require.
Let c : R n −→ R n be the homeomorphism constructed in Lemma 5.2, which gives rise to another homeomorphismĉ : R 2n −→ R 2n settingĉ(x, y) := (c(x), c(y)). Finally, definef :=ĉ • g. We claim thatf satisfies the required properties.
Sinceĉ| X×{0} = id X×{0} , clearlyf (x, 0) = (f (x), 0) for x ∈ X. Now let r ≥ R and pick (x, y) ∈ B(0, r) × B(0, r). Then |ϕ(x)| ≤ r, so
and similarly |ψ(y ′ )| ≤ 2r, so
which shows that g(x, y) ∈ B(0, 2r) × B(0, 2r). Now 2r ≥ 2R so c(B(0, 2r)) ⊆ B(0, r), and it follows thatf (x, y) = (ĉ • g)(x, y) ∈ B(0, r) × B(0, r).
Finite-dimensional dynamics
Finally we can combine these ingredients to show that the dynamics on A occur within the attractor of a finite-dimensional system. Theorem 6.1. Let A be the attractor of a homeomorphism F : E → E with dim(A) ≤ k. For any ǫ > 0 there exist homeomorphisms
such that the dynamics on A and A are conjugate under ϕ, i.e.
and {f n } has an attractor A f with
where
In other words, A ≃ A is 'almost' the attractor of f ; and the dynamics of F | A are no more complicated than those of f .
Proof. Corollary 4.2 provides a homeomorphism e : A → X 1 ⊂ R 2k+2 , where X 1 is cellular in R 2k+2 . Using Theorem 2.4 we may find a homeomorphism h : R 2k+2 → R 2k+2 such that X 1 is the global attractor of h and h| X1 = Id. Choose R such that X 1 ⊂ B(0, R). Then we can assume there is a constant ρ > 0 such that h(B(0, r)) ⊂ B(0, r − ρ) for r ≥ R and, in particular, h m (B(0, r)) ⊆ B(0, max(r − mρ, R)) for every m.
The map f 1 : X 1 → X 1 defined by f 1 (x) = e • F • e −1 (x) is a homeomorphism. We use Proposition 5.3 to produce a homeomorphismf 1 : R 4k+4 → R 4k+4 such thatf i.e.f 1 extends f 1 from the set A := X 1 × {0} 2k+2 to all of R 4k+4 . We can choosê f 1 so that (x, y) ∈ B(0, r) × B(0, r) ⇒f 1 (x, y) ∈ B(0, r) × B(0, r) for any r ≥ R.
Consider the homeomorphismĥ : R 4k+4 → R 4k+4 given byĥ(x, y) := (h(x), y/2) for x, y ∈ R 2k+2 . Clearly A is a global attractor forĥ andĥ| A = Id. Reduce ǫ, if necessary, so that N (A, ǫ) ⊂ B(0, R) × B(0, R) and choose m ≥ 1 big enough so thatĥ
We claim that f satisfies the required properties.
It is clear that f | A = f 1 | X , sinceĥ is the identity on X. Denote B := B(0, R) × B(0, R) for brevity. Then
which shows that N (A, ǫ) is positively invariant under f . Consequently f has an attractor A f contained in N (A, ǫ). Since A is invariant, it is clear that A ⊆ A f , and it only remains to show that A f is a global attractor. Since f (B) ⊂ N (A, ǫ), it suffices to show that for every bounded set C there exists an iterate n such that
Consider the mapping φ(r) := max(r − mρ, r /2 m , R). We claim that
This is easily seen to be true for r ≤ R because
while for r > R we havê Let C be a bounded subset of R 4k+4 and choose r such that C ⊂ B(0, r)×B(0, r). It is very easy to observe that φ n (r) = R for n big enough. Thus
as required.
Conclusion and open problems
Theorem 6.1 shows that the dynamics on a finite-dimensional attractor of a homoeomorphism is no more complicated than the dynamics that can arise in a finite-dimensional system. However, it is natural to conjecture that it should in fact be possible to construct a homeomorphism f : R 4k+4 → R 4k+4 such that in Theorem 6.1 in fact A f = A, i.e. finite-dimensional attractors of homeomorphisms can always be realised, along with their dynamics, as attractors in finite-dimensional spaces. Even if one allows the finite-dimensional map to be continuous rather than a homeomorphism, to our knowledge this problem is still open.
We can reformulate this problem in a more topological way. Suppose that X ⊂ B(0, R) is a cellular subset of R n written as the intersection of a decreasing sequence of cells C j ,
where we assume without loss of generality that C 1 ⊂ B(0, R). Also, let a homeomorphism f : X → X be given. Proposition 5.3 is a controlled extension result: it provides a homeomorphismf : R 2n → R 2n that extends f (in the sense that f (x, 0 n ) = f (x) for every x ∈ X) and such that for every r ≥ R. We are now going to show that if the extensionf can also be controlled near X (and not only for r ≥ R), then the answer to the question above is in the affirmative.
Proposition 7.1. Suppose that Proposition 5.3 could be strengthened so that, in addition to (6), the relation (7)f (C j × B(0, r)) ⊂ C j × B(0, r) held for every R ≥ r ≥ 0 and every j. Then in Theorem 6.1 we could achieve A f = A. clearly C j is a decreasing sequence of cells whose intersection is X 1 . Now pick an extensionf 1 : R 4k+4 → R 4k+4 that satisfies both (6) and (7). Define f =ĥ m •f 1 . The same argument given in Theorem 6.1 proves that for any bounded set C there is an iterate f n (C) ⊂ B, so f has a global attractor A f ⊂ B. Clearly A ⊆ A f . Moreover, observe that and consequently
Since A f = n f n (B), we get
(C n+1 × B(0, R /2 n )) = X 1 × {0} = A, as required.
As remarked in the introduction, the problem for semiflows seems much more difficult and is still entirely open.
